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Abstract— Bacteriophages - viruses that infect and replicate
inside bacteria - undergo rapid degradation outside their hosts.
Thus, a common expectation is that phages will minimize
environmental exposure by maximizing their adsorption rate,
i.e., infection rate. Here we show that, while maximized adsorption is a good strategy when bacterial host cells are healthy,
situations exist where bypassing hosts may be beneficial, such
as when host cells are not productive for infection. In these
situations, optimal adsorption rates may take on intermediate
values, thereby increasing phage dispersal. We aim to develop
a theoretical understanding of the intermediate, optimal adsorption rate for phage λ , in environments where changing
conditions lead to either good or poor quality hosts. We develop
a Markov chain model and define optimal adsorption as the
adsorption rate that maximizes the probability of survival. We
impose experimentally-achievable periodicity in environmental
change and derive novel analytic results for the probability of
phage λ survival, from which optimal adsorption is computed.
We then discuss the sensitivity of the phage survival probability
to relevant biological parameters and environmental conditions.
Finally, we extend these results to approximate the probability
of phage λ survival when environment change is random, which
better represents of natural dynamics, and show that stochasticity facilitates phage λ survival in sub-optimal conditions.

I. INTRODUCTION
Following its release from a lysed host cell, a bacteriophage - a virus that infects and replicates within a bacterium
- enters a dangerous and unpredictable phase of its lifecycle.
Having no ability to direct its motion, a phage is at the
mercy of the surrounding environment, and vulnerable to
chemical, photolytic and thermal degradation. Because of
this, researchers often assume that phages should always
attempt to infect the first bacterial host they encounter in
order to escape a volatile environment. That is, phages
should maximize their adsorption rate, which is a function of
phage attachment-protein binding avidity. This assumption
may be valid when bacterial host cells are healthy and
growing exponentially, but there many situations when host
cells are not productive for infection. Because phages cannot
differentiate between good- and poor-quality hosts, or even
cells from cell fragments, it may be beneficial for phages to
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bypass some potential hosts, and thereby increase dispersal,
when poor-quality hosts are common.
Several situations may lead to high frequencies of poorquality hosts. One common situation occurs when bacterial
populations reach the carrying capacity of the habitat, and
enter stationary phase, such as when nutrients are exhausted.
In stationary phase, bacterial cells stop dividing, and are generally unable to support phage reproduction [1]–[3]. Binding
to a stationary-phase cell could entail phage death if the host
should die before good conditions return. Similarly, phage
infection can drive the host’s acquisition of resistance [4].
Some mechanisms of phage resistance entail the destruction
of phage following host entry [5]. If such resistant hosts are
abundant, it may be beneficial for phages to practice restraint
in host binding.
Another situation that could lead to selection against
adsorption rate maximization is the accumulation of cell
fragments resulting from bacterial cell lysis in phage-infected
cultures. Since phage can bind receptors on the cell debris
just as they would on intact cells, debris shielding can limit
phage growth and protect bacterial cells from infection [6],
[7]. In this scenario, we expect that adsorption rates will not
be maximized such that receptor binding and dissociation
can be effected.
To summarize, a wide range of situations can result in
the environment shifting from favoring maximal adsorption
rates to favoring intermediate adsorption rates. By not maximally binding host cells, phages may increase dispersal,
and increase the probability of encountering a viable host
population elsewhere.
Evidence for the benefits of an intermediate adsorption
rate comes from phage λ , which lost its side tail fibers (stf-)
during early lab culturing [8]. Side tail fibers play a role in
attachment of phage λ to host bacteria receptors. In agar,
λ stf- shows reduced adsorption rates, but increased fitness,
relative to λ stf+ [9]. Further work on this system found
evidence that isogenic phage populations contain a residual
fraction of low attachment rate phages, which provides a
mechanism of bet hedging against extinction [10].
Our aim is to develop a theoretical understanding of the
intermediate, optimal adsorption rate for phage λ , which
infects Escherichia coli bacteria, assuming that it is favored by selection imposed by a shifting environment. In
the following we discuss results from our first model. We
derive a time-dependent Markov chain model and define
optimal adsorption as the adsorption rate that maximizes the
probability of survival.
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Fig. 1. Model schematic. In the growth phase, a phage λ can either die
at rate γ or adsorb at rate k̃ into a host bacterium H rendering it infected I.
Infected bacteria produce B λ phages before dying at rate δ . In the decay
phase, a phage λ can either die at rate γ or adsorb into a host bacterium
at rate k̃, but since bacteria are inactive, no viral production follows. In the
decay phase, adsorption is equivalent to clearance.

are not fully resolved, although there are asymptotic and
approximate results, for example [11]–[13]. Numerical simulation of Markov chain models [14], in which we must
account for the time-dependent parameters associated with
environment change [15], can be time consuming, even
when using acceleration methods [16], [17]. We will seek
an analytic solution. In experimental conditions, the change
in environment can be prescribed; we exploit the imposed
periodicity of a prescribed environment to derive an analytic
expression for the probability of survival. We then extend the
analytic solution to derive an approximation for the optimal
adsorption rate in the case where environment change is
random, which better represents of natural dynamics. In
both cases we discuss optimal adsorption rate predictions
and sensitivity to biological parameters and environmental
conditions.
II. MODEL 1: OPTIMAL ADSORPTION IN A
PRESCRIBED ENVIRONMENT
A. Model
Our underlying model schematic is shown in Fig. 1. Phage
λ virus can either die at rate γ or infect host, E. coli
bacteria, to make infected cells with adsorption rate k̃. Λ
gives the number of phage λ particlesm H the number of
host bacteria, and I the number of infected bacteria. In
the growth phase (environment favorable to good hosts),
phage λ replicates in the infected cells. Infected cells die
at rate δ , producing more phage λ virus. In the “decay
phase” (environment favoring poor hosts), for example the
stationary phase described above, phage does not replicate
and adsorption results in viral death.
We assume that the phage λ infection dynamics correspond to a standard viral dynamics model [18] assuming a
constant number of host bacteria H. Average behavior of
this system is given by the equations I˙ = k̃HΛ − δ I and
Λ̇ = Bδ I − (γ + k̃H)Λ, where B is the number of phage
produced by an infected bacterium before dying at rate δ .
Importantly we define k ≡ k̃H, the actual adsorption rate

multiplied by the constant number of host, E. coli cells. We
will maximize survival probability with respect to this rescaled adsorption rate k.
We can simplify the model with the quasi-steady equilibrium I = kΛ/δ to obtain Λ̇ = (k(B − 1) − γ)Λ in the growth
phase. In the decay phase, however, conditions prevent the
infected bacteria from producing virus, for example if there
are no nutrients and their metabolism is slowed. Thus the
average behavior would correspond to Λ̇ = −(k + γ)Λ.
We are interested in optimal, scaled, adsorption rate k,
which we define as the rate that maximizes the probability of
survival. We must therefore consider the stochastic dynamics.
In the growth environment, we model dynamics with a birth
and death process with birth rate k(B − 1) and death rate γ,
k(B−1)

γ

Λ −−−−→ Λ + 1 and Λ →
− Λ − 1,

(1)

where the time between birth or death events are drawn
from exponential distributions with rates k(B − 1) or γ
respectively. Mean behavior of this processes corresponds to
the differential equation Λ̇ = (k(B − 1) − γ)Λ. In the decay
environment, we model dynamics with a pure death process,
with death rate k + γ,
k+γ

Λ −−→ Λ − 1,

(2)

where the death rate k + γ is exponentially distributed in
time. Mean behavior of this processes corresponds to the
differential equation Λ̇ = −(k + γ)Λ.
We first investigate optimal adsorption when the environment switches between growth and decay phases. For
example, the environment cycles between a growth phase
for fixed time t1 and a decay phase for fixed time t0 . This
scenario replicates experimental conditions, thus our analysis
can predict experimental outcomes.
In the following, we compute the probability of extinction
starting with n phage λ and use that probability to study
optimal adsorption k. For simplicity, we assume that B = 6
λ phages, so that the birth rate during the growth phase is
5k. While B = 6 is a low estimate, this assumption should
not alter our qualitative results. We then briefly discuss
sensitivity to remaining parameters.
B. Analysis
In order to calculate the probability that an infection chain
initiated by n phage λ goes extinct as t → ∞, we exploit
the periodicity of the prescribed environment. One period
consists of a growth phase followed by a decay phase, or
vice versa. We will compute Ψ(x), the probability generating
function (PGF) [19] for the progeny distribution, i.e., for the
distribution on the number of viral particles at the end of
one period, starting with a single phage λ . The probability
that the infection chain will go extinct, q, is given by the
smallest non-negative root of q = Ψ(q) [20]. The survival
probability is given by 1 − q and the optimal adsorption k∗ is
the adsorption that maximizes the survival probability. From
Ψ(x) we can also compute the basic reproduction number

R0 = Ψ0 (1), which we can use to predict conditions under
which extinction is guaranteed, i.e., when R0 < 1 [20].
Our results depend on the initial environment. That is, the
probability of extinction will differ if the period consists of
a growth phase followed by a decay phase, or vice versa.
Progeny PGF - process initiated in decay phase: We
first consider dynamics initiated in the decay phase, modeled
by the pure death process eq. (2), for fixed time t0 , followed
by growth phase, modeled by the birth-and-death process
eq. (1), for fixed time t1 .
To compute the PGF for the number of virus particles
at the end of one period, starting with a single phage λ ,
we require the distribution on the number of virus particles
surviving to time t0 , at which point the growth phase is
initiated. If we assume that at t = 0 there is a single virus
particle, then at the switching time t0 ≥ 0, the probability
that the particle remains is given by
p(t0 ) = e−(k+γ)t0 ,
since the time to the next death event is exponentially
distributed with rate k + γ. For the rest of the period, t0 <
t < t1 + t0 , the stochastic process is a birth and death process, eq. (1). The forward Chapman-Kolmogorov differential
equation (master equation) associated with this process is
dPj
= 5k( j − 1)Pj−1 + γ( j + 1)Pj+1 − (5k + γ) jPj ,
dt

(3)

where Pj (t,t0 ) = Prob( j phage λ at t|n phage λ at t0 ) [19].
We can multiply eq. (3) by x j and sum over j to derive
a partial differential equation for the PGF Gn (x;t,t0 ) =
∑∞j=0 Pj (t,t0 )x j [19],
(4)

with initial condition Gn (x;t0 ,t0 ) = xn . We can solve eq. (4)
analytically to find the PGF Gn (x) ≡ Gn (x;t1 + t0 ,t0 ) at the
end of the period, i.e., time t = t0 + t1 , associated with the
birth-and-death process eq. (1) initiated by n λ phage, is
!n
(x − 1)γe(5k−γ)t1 − 5kx + γ
Gn (x) =
.
(5)
(x − 1)5ke(5k−γ)t1 − 5kx + γ
We start the birth and death process with a single viral
particle n = 1 with probability p(t0 ), at time t0 , and we end
the cycle at time t0 + t1 . Therefore the generating function
for the number of viral particles at time t0 + t1 is
Ψd (x) =G0 (x)(1 − p(t0 )) + G1 (x)p(t0 )
=1 − e−(k+γ)t0
+e

(x − 1)γe(5k−γ)t1 − 5kx + γ
(x − 1)5ke(5k−γ)t1 − 5kx + γ

rn =

1 ∂ n G1
n! ∂ x

,
x=0

to find

n

5k(e(5k−γ)t −1)

(5k−γ)2 e(5k−γ)t

, n>0
5ke(5k−γ)t −γ
e(5k−γ)t −1)(5ke(5k−γ)t −γ )
rn = 5k((5k−γ)t

−γ
 γe
,
n = 0.
5ke(5k−γ)t −γ
For the rest of the period, t1 < t < t1 +t0 , stochastic dynamics
are given by a pure death process. The PGF for the pure death
process is

n
Hn (x) = 1 − (1 − x)e−(k+γ)t0 ,
which we can obtain from eq. (5) replacing t0 with t1 , 5k with
0, and γ with γ + k. Alternatively, following our derivation of
eq. (5), one can use the pure death process master equation
to derive a partial differential equation which one can solve
for Hn (x).
Therefore the generating function for the number of phage
λ particles at the end of the period is
∞

Ψg (x) = ∑ rn Hn (x)
n=0

∂ Gn
∂ Gn
= (x − 1)(5kx − γ)
∂t
∂x

−(k+γ)t0

Progeny PGF - process initiated in growth phase:
We next consider dynamics initiated in the growth phase,
modeled by the the birth-and-death process eq. (1), for fixed
time t1 , followed by a decay phase, modeled by the pure
death process, eq. (2), for fixed time t0 .
Let rn be the probability that there are n viral particles at
the end of the growth phase, time t1 , starting with a single
viral particle. Using the PGF for the birth and death process
G1 (x;t, 0) from eq.(5), we can compute rn ,

!
,

(6)

where the subscript d indicates that this is the PGF for the
number of particles at the end of one period if we start in
the decay phase.

=−

5k − γeDt1
D2 eDt1

,
+
5kC
5kC D − 5k(x − 1)e−(k+γ)t0 C
(7)

summing the series, where C = (eDt1 − 1) and D = (5k − γ).
The subscript g indicates that this is the PGF if we start in
the growth phase.
Probability of extinction: The probability that the process will go extinct as t → ∞ is the root of the equations
q = Ψd,g (q) with Ψd (q) given by eq. (6) and Ψg (q) given
by eq. (7) [20]. The extinction probability depends on the
phase in which you initiate dynamics. The probability of
extinction for the process initiated by a single viral particle
in a decay phase is
"
#
5ke(5k−γ)t1 − γ − (5k − γ)e−(k+γ)t0 +(5k−γ)t1

,
qd = min 1,
5k e(5k−γ)t1 − 1
(8)
and the probability of extinction for the process initiated by
a single viral particle in the growth phase is




e−(k+γ)t0 γe(5k−γ)t1 − 5k + (5k − γ)
 . (9)

qg = min 1,
5ke−(k+γ)t0 e(5k−γ)t1 − 1

From eq. (10) we can predict thresholds below which the
phage λ infection chains will die out, i.e., when R0 < 1.
In particular we can find the minimal adsorption rate k > 0
below which our model predicts no growth, kmin = γ(t1 +
t0 )/(5t1 − t0 ) assuming 5t1 > t0 , with no growth permitted
otherwise, as R0 < 1 for 5t1 ≤ t0 .
C. Results
We first compute the survival probability for a process
initiated by a single phage λ viral particle as (1- probability
of extinction), i.e., 1 − qd or 1 − qg , with qd and qg given
by eq. (8) and (9), for the process initiated in the decay or
growth phase, respectively. The survival probabilities as a
function of the adsorption rate k are shown in Fig. 2. Note
that for processes initiated in both the growth and decay
phase, there is a minimum adsorption rate below which the
survival probability is zero regardless of the phase in which
the process is initiated, which corresponds to kmin = γ(t1 +
t0 )/(5t1 − t0 ) computed from R0 < 1 (cf. eq. (10)). kmin is
an increasing function of γ, shown in Figs. 2a and b, which
is consistent with our biological intuition: if phage λ die
more rapidly, the infection/adsorption rate should be larger
to ensure survival.
For processes initiated in the decay phase, as shown in
Fig. 2a, there is a maximum adsorption rate kmax above which
we do not expect survival. The chain of infection initiated by
phage in the decay phase dies off at rate k + γ before rescue
in the growth phase. We observe from the probabilities of
survival shown in Fig. 2a that, as a result, the range kmin <
k < kmax wherein survival is possible, shrinks.
We note no such kmax if we initiate the process in the
growth phase. Fig. 2b shows that for large k > γ, survival
is guaranteed: the death rate during the decay phase is not
significant enough to eliminate the viral population following
growth at ≈ 5 times the death rate.
However, in natural circumstances one would expect the
decay phase (duration t0 ) to last much longer than the growth
phase (duration t1 ). To investigate the role of the durations t0
and t1 we consider the survival probabilities depending on the
fraction of time spent in the growth phase, σ = t1 /(t0 + t1 ),
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Fig. 2. Probability of survival as a function of the adsorption rate k in a
process initiated with a single phage λ viral particle, for different values
if the phage λ death rate γ. Time spent in the growth and decay phases is
set to t0 = t1 = 1 day. (a) Process initiated during decay phase; (b) process
initiated in the growth phase.
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Optimal Adsorption k∗ : The survival probability of an
infection chain initiated by n virions is given by 1 − qnd
and 1 − qng for processes initiated in the decay and growth
phases, respectively. The optimal adsorption rate is the
value k = k∗ that maximizes these survival probabilities or,
conversely, minimizes the probabilities of extinction qd and
qg , respectively. We will compute these minima numerically
from transcendental eqs. (8) and (9).
Basic reproduction number: The basic reproduction
number R0 gives the average number of progeny, at the
end of one period, starting with a single phage λ . We
can immediately compute the R0 from the PGFs Ψd,g (x):
R0 = Ψ0d (1) = Ψ0g (1), since the average number of viral
particles produced is unaffected by the phase in which you
start. We find
(10)
R0 = e−(k+γ)t0 +(5k−γ)t1 .
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Fig. 3. Probability of survival as a function of the adsorption rate k in a
process initiated with a single phage λ viral particle, for different ratios of
time spent in the growth phase σ = t1 /(t0 +t1 ), assuming the phage λ death
rate γ = 1 day−1 and duration of the decay phase t0 = 1 day. (a) Process
initiated during decay phase; (b) process initiated in the growth phase.

see Fig. 3. Using R0 , eq. (10), one can show that for σ <
1/6 ≈ 17%, there can be no growth, since R0 < 1 for 5t1 ≤ t0 .
We note that the qualitative results observed for t0 = t1 = 1
day, Fig. 2, remain: for large adsorption rate k > kmax ,
processes initiated in the decay environment can’t survive
(Fig. 2a), while processes initiated in the growth environment
are guaranteed to survive (Fig. 2b). In both cases there is
a minimum kmin below which survival is impossible; from
R0 < 1 (eq. (10)), kmin = (γt0 − (1 − σ ))/(t0 (6σ − 1)), which
decreases with increasing σ . The decrease is unsurprising:
larger σ indicates more time spent in the growth phase,
improving odds of survival.
Note that, for processes initiated in the decay environment,
the kmax above which survival is impossible seems insensitive
to σ , see Fig. 3a. Therefore, as σ decreases, i.e., as the time
spent in the growth phase decreases, the range of adsorption
rates k that permit survival decreases.
Since we expect t0 > t1 outside of experimental contexts,
it is more likely that the process initiates during a decay
phase. For processes initiated in the decay phase, there is an
optimal adsorption rate k = k∗ for which the probability of
survival is maximized, see Figs. 2a and 3a. We can compute
these optima k∗ numerically by maximizing the probability
of survival 1 − qd or minimizing the probability of extinction
qd , where qd is given by eq. (8).
The optimal adsorption rate k∗ is plotted against the phage
λ death rate γ for different fractions of time spent in the
growth phase, σ , in Fig. 4a. We observe, for fractions σ
considered, that the optimal adsorption rate is not very
sensitive to σ . Far more significant is the phage λ death
rate γ. For larger, more rapid γ, the adsorption rate k, and
therefore the optimum k∗ , must increase for the infection
expansion during the growth phase to outpace the probability
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Fig. 4. Maximal survival probability and optimal adsorption rate as a
function of the phage λ death rate γ for processes initiated in the decay
phase, for different ratios of time spent in the growth phase σ = t1 /(t0 +t1 ).
(a) Optimal adsorption rate k, defined as the optimal adsorption rate that
maximizes the probability of survival. (b) Maximum probability of survival.

variables, with corresponding probability densities fd (t) and
fg (t), we can compute the expected value of the PGF at the
end of one period. The expected PGF can be used to compute
the expected distribution on the number of viral particles at
the end of one period.
The PGF for the expected distribution on the number of
phage λ , at the end of one period starting in the decay phase
(0 ≤ t < t0 ) followed by a growth phase (t0 ≤ t < ∞), is
Z ∞Z ∞

Φd (x) =

0

t

0

0

Z ∞ Z 0τ

=
that the phage will die first. But observe from Figs. 2a that
as γ increases, the survival probability decreases. For γ very
large, the optimal adsorption rate k∗ is moot: Fig. 4b shows
the maximum survival probability permitted by the optimum
k∗ , which goes to zero for γ large. Thus, from a practical
perspective the optimal k∗ is only of value for phage λ death
rate γ sufficiently small (for our parameters, γ . 1 per day).
III. MODEL 2: OPTIMAL ADSORPTION IN A
RANDOM ENVIRONMENT
A. Model
In Sec. II, we assumed that the times spent in the growth
and decay phases are fixed. We now assume that the time
spent in each phase is sampled from a continuous probability
density function, more representative of phage λ dynamics
in a random environment.
As in the prescribed environment case, we compute the
probability of extinction starting with n phage λ and use
that probability to study optimal adsorption k. Again we
assume the burst size B = 6 phage λ . We then briefly discuss
sensitivity to remaining parameters.
B. Analysis
In order to calculate the probability that an infection chain
initiated by n phage λ goes extinct as t → ∞, we exploit the
cyclic nature of the changing environment. We follow the
same approach as above, computing the probability generating function for the number of viral particles produced in a
single growth-then-decay or decay-and-growth time window,
with the important difference that the time spent in each
of these phases is not fixed. Though the calculations in
the prescribed environment case were exact, in this random
environment case, our predictions will be approximations.
We consider the period consisting of a decay phase followed
by a growth phase, and vice versa.
Expected progeny PGF: Let fd (t) be the probability
density function for the time spent in the decay phase, and
fg (t) be the probability density function for the time spent
in the growth phase, nonzero for 0 ≤ t < ∞. Assume these
are independent. Ψg (x;t0 ,t1 ) and Ψd (x;t0 ,t1 ), in eq. 7 and
6 respectively, are the PGFs for the for the number of viral
particles at the end of one period, starting with a single phage
λ , given a decay phase duration t0 and growth phase duration
t1 . Note that we’ve made the dependence of the PGFs on the
durations t0 and t1 explicit. Since now t0 and t1 are random

Ψd (x;t0 , τ − t0 ) fd (t0 ) fg (τ − t0 ) dτdt0
Ψd (x;t0 , τ − t0 ) fd (t0 ) fg (τ − t0 ) dt0 dτ, (11)

exchanging the order of integration, where Ψd (x;t0 ,t1 ), given
by eq. (6), taking times t0 and t1 spent in the decay and
growth phases, respectively, as random variables. As before
the subscript d indicates initialization in the decay phase.
If we start instead in the growth phase, so the period
consists of a growth phase (0 ≤ t < t1 ) followed by a decay
phase (t1 ≤ t < ∞), the PGF for the expected distribution on
the number of viral particles is
Z ∞Z ∞

Φg (x) =

0

t

0

0

Z ∞ Z 1τ

=

Ψg (x; τ − t1 ,t1 ) fd (τ − t1 ) fg (t1 ) dτdt1
Ψg (x; τ − t1 ,t1 ) fd (τ − t1 ) fg (t1 ) dt1 dτ, (12)

again exchanging the order of integration, where the
subscript g indicates initialization in the growth phase.
Ψg (x;t0 ,t1 ) is given by eq. (7), taking times t0 and t1 as
random variables.
Probability of extinction: The probability that the process will go extinct as t → ∞ is the root of the equations
q = Φd,g (q). Here we find the approximation: the PGFs
eq. (11) and (12) are for the expected number viral particles
produced at the end of a decay/growth or growth/decay
period, respectively. The roots of q = Φd (q) and q = Φg (q)
are therefore “expected” probabilities of extinction.
This extinction probability q depends on the phase, decay
or growth, in which the process is initiated. Unlike the
prescribed environment case, we cannot compute an analytic
form for q, except for in special case densities fd (t) and fg (t)
(e.g. uniform density). Therefore to compute the probability
(r)
of extinction starting in a decay environment, qd , or starting
(r)
(r)
in a growth environment, qg , we solve the equations qd =
(r)
(r)
(r)
Φd (qd ) and qg = Φg (qg ) numerically.
Optimal Adsorption k∗ : As in the prescribed environment case, we can compute the optimal adsorption rate k∗ .
(r)
(r)
We compute k∗ = k that minimizes qd and qg numerically
(r)
(r)
(r)
(r)
from the roots of qd = Φd (qd ) and qg = Φg (qg ), respectively.
Basic reproduction number: Using eqs. (11) or (12) we
can compute the expected number of progeny, R0 , at the
end of one period. For example if we assume that that t0 ∼
Exp(k0 ) and t1 ∼ Exp(k1 ), from R0 = Φ0b (1) = Φ0g (1) we
recover
k0 k1
for k1 > 5k − γ
(13)
R0 =
(k1 − 5k + γ)(k0 + k + γ)
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Fig. 5. Probability of survival as a function of the adsorption rate k in a
process initiated with a single phage λ viral particle, for different values if
the phage λ death rate γ. Rates of switching between the growth and decay
phases set to k0 = k1 = 1 per day. (a) Process initiated during decay phase;
(b) process initiated in the growth phase.
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In the analysis, Sec. III-B, we made no assumption on
the probability density associated with time spent in the
growth or decay environments (with the exception of the
calculation of R0 in eq. (13)). For the following results
we assume t0 ∼ Exp(k0 ) and t1 ∼ Exp(k1 ), where k0 and
k1 are the exponential rates of switching from the decay
to growth, and growth to decay, phases respectively. Thus
fd (t) = k0 e−k0 t and fg (t) = k1 e−k1 t in eqs. (11) and (12). We
leave more realistic densities, e.g. lognormal or gamma, for
future investigation.
We recapitulate results from the prescribed environment
change case (Figs. 2-4), now assuming random environment
change (Figs. 5-7). We use k0 = k1 = 1 per day in Fig. 5,
so the mean time spent in each phase is 1 day, matching
the prescribed environment change parameters (cf. Sec. II),
so that results are comparable. We now define σ as the
fraction of the average times spent in the growth phase,
σ = (1/k1 )/(1/k0 + 1/k1 ) = k0 /(k0 + k1 ), keeping k0 = 1 per
day, and consider σ ≤ 0.5 since in natural circumstances one
would expect the decay phase (mean duration 1/k0 ) to last
much longer than the growth phase (mean duration 1/k1 ).
We note one important qualitative change in the phage
λ survival results. If we initiate the process in the growth
environment and compare the fixed and random environment
models, Figs. 2b and 5b, respectively, we note that stochasticity guarantees extinction (Fig. 5b) for large adsorption
rates k that previously guaranteed survival (Fig. 2b). Likely
the primary cause of this difference is the assumption of an
exponential density on time spent in the growth or decay
phases, since there is non-zero probability that the duration
is 0. Note that the behavior of the survival probability for
large k is not sensitive to choice of γ.
However stochasticity induces quantitative changes in our
predictions of phage λ survival as well.
(1) Stochasticity permits phage λ survival at a greater
breadth of adsorption rates k (note that the x-axis ranges
are different in Figs. 2 and 5), since the median time spent
in the decay environment is ln(2)/k0 ≈ 0.69 days, less than
the mean time of 1/k0 = 1 day. That is, for more than half
the realizations, the duration spent in the decay environment
is less than the mean, improving the probability of survival.
(2) If the process is initiated in the growth or decay phase,
the probability of survival decreases with σ , as shown in

(b)
γ = 0.01
γ = 0.1
γ=1

log10Adsorption k

Survival Prob.

C. Results

(a)

0.00

with R0 not finite for k1 < 5k − γ. The condition k1 <
5k − γ arises from the different exponential rates: the mean
exponential growth rate during the growth phase, 5k − γ, is
greater than the mean exponential switching rate to the decay
phase k1 and therefore, the average number of particles at the
end of a period is not finite.
As before, from eq. (13) we can predict parameter thresholds below which we predict that the phage
λ infection chains will die out. In particular we can
find the minimal adsorption rate k below which our
model
predicts no growth, kmin = ((k1 − 5k0 − 4γ) +
p
(k1 − 5k0 − 4γ)2 + 20γ(k1 + k0 + γ))/5.
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Fig. 6. Probability of survival as a function of the adsorption rate k in
a process initiated with a single phage λ viral particle, for different ratios
of time spent in the growth phase σ = k0 /(k0 + k1 ), assuming the phage λ
death rate γ = 1 day−1 and mean duration of the decay phase 1/k0 =1 day.
(a) Process initiated during decay phase; (b) process initiated in the growth
phase.

Fig. 6a and b. However we note that stochasticity lessens this
sensitivity, with maximum survival probabilities increasing
≈ 1.3×, comparing σ = 30% to σ = 50% (Fig. 6); the
comparable increase is nearly 10-fold in the prescribed
environment (Fig. 3).
Our main objective is the optimal adsorption rate k∗ , now
assuming the environment switching occurs at exponentiallydistributed times. Note that if we initiate the process in the
growth phase, k∗ is not very sensitive to either phage λ death
rate γ (Fig. 5b) nor to the average fraction of time spent in the
growth phase σ (Fig. 6b). Further, outside of experimental
contexts, we expect the duration of decay phases, when
bacteria are not metabolically active, to be longer than the
duration of the growth phase. We therefore focus on the
optimum k∗ for processes initiated during the decay phase.
To compute the optimum, we numerically calculate the
(r)
(r)
value k∗ = k that minimizes qd and qg , the numerically(r)
(r)
(r)
(r)
computed roots of qd = Φd (qd ) and qg = Φg (qg ), with
Φd (x) and Φg (x) given by eqs. (11) and (12), respectively.
Stochasticity induces qualitative changes in our optimal
adsorption rate predictions (cf. Figs 4 and 7):
(1) While the maximum survival probabilities occur at
approximately the same values of k, for small γ, decaying
to zero for large gamma, stochasticity extends the range of
phage λ death rates γ over which survival is possible: for
our parameters, the probability of survival goes to zero for
γ just above 1 per day assuming a prescribed environment
(Fig. 4a), which stochasticity extends to γ & 100 per day
(Fig. 7a). We attribute this increase to the exponential
density assumption, since median time spent in the decay
environment is ln(2)/k0 ≈ 0.69 days is less than the mean
of 1/k0 = 1 day.
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Fig. 7. Maximal survival probability and optimal adsorption rate as a
function of the phage λ death rate γ for processes initiated in the decay
phase, for different ratios of time spent in the growth phase σ = k0 /(k0 +k1 ).
(a) Optimal adsorption rate k, defined as the optimal adsorption rate that
maximizes the probability of survival. (b) Maximum probability of survival.

(2) Stochasticity introduces sensitivity in optimal adsorption rate k∗ . For large γ, assuming exponentially-distributed
environment change times, the optimal k∗ is O(102 ), as it is
in the prescribed case for our range 10−5 ≤ γ ≤ 10 per day
(cf. Fig. 4b and Fig. 7b). However for small γ, γ .
10−2 per day, the optimal k∗ is very small and approximately
fixed, increasing to O(102 ) for γ & 10−2 per day (Fig. 7b),
before the probability of survival goes to zero (Fig. 7a).
IV. CONCLUSIONS
Our aim is to develop a theoretical understanding of the
optimal, intermediate adsorption rates of phage λ in changing environments. We created a simple branching process
model to approximate phage λ dynamics. We define the
optimal adsorption rate k∗ as the rate which maximizes the
probability of survival, and derived probabilities of survival
from a simple, branching process model. In the case where
environment change is random, modeling natural conditions,
our probability of survival (1 - probability of extinction) only
approximates model outcomes. However, in the case where
environment change is prescribed and periodic, modeling
experimental conditions, our probability of survival is exact.
To our knowledge these are novel calculations for branching
processes in changing environments.
In deriving our model, we assumed that host cell availability is constant. Recall that we actually maximize the re-scaled
adsorption rate k = k̃H, where H is the number of host cells.
Thus the scale of optimal adsorption rates k∗ , up to O(102 )
per day, is reasonable. Constant host cell availability is a
key assumption, which may be built into an experimental
setup, but is unlikely in a natural context. Indeed, bacterial
populations may enter a decay, stationary, phase by reaching
carrying capacity, when nutrients are exhausted, cells stop
dividing, and are generally unable to support phage reproduction [1]–[3]. Large viral populations should also lead to
dwindling host bacteria populations, which may in turn alter
the optimal adsorption rate for phage λ virus survival. Future
models will account for these dynamics, for example relaxing
the constant host cell assumption, using a logistic growth
model and mass-action infection of host cells.
Future investigations will also examine sensitivity of results to infected bacterial death rate δ , in particular making
the more realistic assumption that bacterial cell death occurs
at a higher rate in the decay phase, and infected bacterium

viral burst size B. Since increasing viral burst size B enhances
the probability that there remains virus at the end of a
decay phase, realistic, larger values of B will yield nonzero survival probabilities over a larger range in re-scaled
adsorption rate k, and decrease the optimal k∗ . We will also
consider alternative probability densities for environment
switch and investigate the goodness of our approximations.
Nonetheless, even with this simple model we recovered
optimal, intermediate adsorption rates k∗ (see Figs. 2a, 3a,
5, 6), reproducing observations. Our results assuming prescribed environment change can be verified experimentally,
for example with serial passage experiments. We showed
that stochasticity improves survival probabilities and also the
breadth in adsorption rates over which survival is possible.
We therefore anticipate this difference when comparing experimental results with observations.
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